The electrical laws and Carnot cycle of Isolated Horizon (IH) are investigated in this paper.
I. INTRODUCTION
Since the first exact solution of Einstein equation was found out, studying properties of black holes has become an important part of gravitational physics. Black hole physics causes deep, unsuspected connections among classical general relativity, quantum physics and statistical mechanics. However, the classical definition of a black hole [1, 2] , which formalizes the notion of spacetime region from which nothing can ever escape, is too global: it requires knowledge of the entire future of the spacetime, and can not satisfy the requirement for practical research [8] , so alternate notions of black hole [3, 4] were devised which possess a quasi-local description formalism. In recent years, a new, quasi-local framework was introduced by Ashtekar and his collaborators to analyze different facets of black holes in a unified way [5] [6] [7] [8] . Compared with the event horizon, this framework doesn't need the knowledge of overall spacetime, and only involves quasi-local conditions, so it accords with the practical physical process. In this framework, black holes in equilibrium are described by (Weakly) Isolated Horizons (WIH). This paradigm leads to significant generalization of several results in black hole physics and obtains considerable success.
In 1978, Damour found that instead of the conventional view of a black hole as simply an empty region in spacetime, the black hole horizon could be viewed as a physical membrane endowed with specified mechanical and electromagnetic properties; for example, the membrane of Kerr black hole behaves as a metallic shell whose surface resistivity is 4π [9] . Such idea was investigated by other researchers later and was called "membrane paradigm of black hole" [10, 11] . This paradigm was reconsidered in the framework of AdS/CFT correspondence more than twenty years later. There are similar properties between the fluid/gravity duality in the AdS/CFT framework and black-hole membrane [12] and this kind of universality was interpreted as the Wilson renormalization group flow in the AdS/CFT framework [13] . More developments in this area can be found in Refs. [14] . This paper is concerned with the electrical properties of Isolated Horizons. The electrical laws of Kerr black hole [9] are only related to the quantities on the horizon, so it is natural to think that the laws are suitable for Isolated Horizon.
Hawking radiation of Weakly Isolated Horizon was investigated recently [15, 16] , which confirms one aspect of thermodynamic nature of Isolated Horizon. Considering the importance of Carnot cycle near a black hole to black hole thermodynamics [17] [18] [19] , we design a reversible Carnot cycle outside a non-rotating Isolated Horizon to give a further confirmation of the thermodynamic nature of Isolated Horizon.
The organization of this paper is as follows. In Section 2, we briefly review the definition and near-horizon geometry of (Weakly) Isolated Horizon. In Section 3, we establish the electrical laws of an Isolated Horizon by following Damour's method. In Section 4, we investigate the properties near a non-rotating Isolated Horizon under the first-order approximation of r, and construct a reversible Carnot cycle near the horizon to confirm the thermodynamical nature of Isolated Horizon. Finally, we make some discussions and conclusions.
II. ISOLATED HORIZON AND ITS NEAR-HORIZON GEOMETRY
In this section we briefly review the definition and geometric properties of (Weakly) Isolated Horizon. According to the works by Ashtekar and his collaborators [5] [6] [7] [8] 2)The expansion of the null generator of H is zero, i.e. Θ l = 0 on H;
3)T ab υ b is future causal for any future causal vector υ b and Einstein equation holds in the neighborhood of H; It is convenient to introduce Bondi-like coordinates (u, r, θ, ϕ) in the neighborhood of the horizon H in the following way [20, 21] . First, denote the tangent vector of null generator of H as l a and another real null vector field as n a . The foliation of H gives us the natural coordinates (θ, ϕ). Lie dragging (θ, φ) along each generator of H together with the parameter u of l a forms the coordinates (u, θ, ϕ) on H. Finally, choose the affine parameter r of n a as the fourth coordinate, then we obtain the Bondi-like coordinates (u, r, θ, φ) near the horizon.
With the Bondi-like coordinate system in hand, we construct the null tetrad as
where U =X =ω =0 on H (following the notation in Ref. [8] , equalities restricted to H are denoted by " ="), and ς = e iφ cot θ 2
. Note that n a and l a are future directed.
We take the spacetime metric g ab to have a signature (−, +, +, +), so the metric can be expressed as
The matrix form of the metric is
and, on the horizon, the metric reduces to
where ξ 3 (0) means the value of ξ 3 on the horizon. The dual basis of the tetrad (1) can be calculated as
The 
In the Newman-Penrose formalism, we can require the following gauge conditions:
which mean that the tetrad vectors (1) are parallelly transported along n a in spacetime.
The fourth requirement in the definition of WIH implies that there exists a one form ω a on
In terms of the Newman-Penrose formalism, ω a can be expressed as
where (ε + ε) is constant on H [8] . The definition of WIH also implies
Based on Ref. [8] , not any choice of time direction can give a Hamiltonian evolution, and only some suitably chosen time direction can lead to a well-defined horizon mass. In Ref.
[8], A. Ashtekar and B. Krishnan gave a canonical way to choose the time direction t a for a WIH, and the restriction of t a to H should be a linear combination of the null normal l a and the axisymmetric vector ψ a ,
where B t and Ω t are constant on the horizon. Compared with the Schwarzschild case, the parameter of t a takes the place of the Killing time. With the canonical time direction t a ,
Ref. [8] established the zeroth and the first law of WIH. By definition, the surface gravity of H is κ t := B t l a ω a = B t (ε + ε), which is constant on H, so the zeroth law of black hole mechanics is valid for WIH. The first law is expressed as
where
H is the horizon mass, a H is the area of the cross section of WIH, Ω t is the angular velocity of the horizon, and
a )dS is the angular momentum. The first law of WIH is the generalization of the first law of stationary black hole. Since Hawking radiation of WIH was investigated in Refs. [15, 16] , the laws of WIH mechanics were upgraded to the laws of WIH thermodynamics.
III. THE ELECTRICAL PROPERTIES OF ISOLATED HORIZON
In this section, we investigate the electrical laws of an Isolated Horizon following Damour's method [9] . Let us choose a set of real Bondi-like coordinates (u, r, θ, ϕ). According to Eq.
(4), and the fact that the topological structure of an Isolated Horizons is S 2 × R, the metric on the horizon can be also expressed as
The physical observer should be the canonical time t a . According to the relationship:
we introduce a new set of coordinates (t, r, θ, ϕ). We have substituted Ω for Ω t for simplicity.
The relationship between Bondi-like coordinates (u, r, θ, ϕ) and the new ones on the horizon
so we have
The metric (12) in the new coordinates can be expressed as
then the intrinsic geometry of cross section t =const and r = 0 is
The basis of the cross section is
and the corresponding dual basis is
Given an electromagnetic test field F ab regular on the horizon H we define the tangential electric field and the normal magnetic induction by restricting the form F = 1 2
to the horizon r = 0. Namely,
By following Damour's method [9] , we can endow charges and currents on the horizon to keep the conservation of four-current outside the black hole since we do not want to consider what happens inside the black hole. There exists a four-current J(u, r, θ, ϕ) which is defined and conserved all over spacetime, ∇ a J a = 0. We find a complementary current j a with support on r = 0 such that J a Y (r) + j a is conserved, where Y is the Heaviside function.
By replacing
Next we calculate the Dirac distribution δ H on the horizon. For the spacetime, the volume element is
and the volume element of the cross section is
From the equation,
we easily find
Now we can write the complementary current j a , with support on the horizon, as
with
which is the surface four-current density and can be decomposed into a surface charge density σ and the geometrical components of a surface current density
It's not hard to find the following two relationships,
where V ( ϕ) = f sin θΩ can be interpreted as the velocity of the horizon. From Eqs. (21, 28),
we have
In vector form,
which is the Ohm's law of Isolated Horizon, and the surface resistivity is 4πB t . For Kerr black holes, l a =∂ t + Ω∂ ϕ , we have B t = 1, so the surface resistivity is 4π, which returns to
Damour's result [9] .
It is useful to introduce the notions of the surface conduction current − → C (the total current − → K minus the convection current σ − → V ) and the"dragged-along" electric field
So the Ohm's law (32) can be rewritten as
Next we use the surface conduction current to express the Joule's law. We can define the heat dQ dissipated in the hole as [17] 
where Ω is the angular velocity and dA, dM, and dS z are the increases in, respectively, area, mass, and angular momentum of IH. The total energy flux into the hole is given by an integral on the horizon [22] 
where T ab is the test energy-momentum tensor at the horizon. The angular momentum flux
So we get the heat production aṡ
In the case of an electromagnetic field we have on the horizon,
and from Eqs. (21, 28), we have
By putting Eqs. (40) into Eq. (39), we obtain
where we have used Eqs. (33) in the last equality.
Hence we get the Joule's law,
This is the Joule's law of Isolated Horizon, and the surface resistivity is also 4πB t . From the two laws we see that IH can be thought as a metal shell whose surface resistivity is 4πB t .
We do not use all the conditions of Isolated Horizon, so the results are very general.
IV. CARNOT CYCLE NEAR A NON-ROTATING ISOLATED HORIZON
In this section, we firstly investigate some properties near a non-rotating IH, and find that under the first-order approximation of r, For a non-rotating Isolated Horizon, the angular momentum is zero, that is, J H = 0.
According to the definition of angular momentum of IH and Eq. (8), we find that
so we have from the Eqs. (6),
The tetrad condition £ l m a =0 [21] means that
From Eqs. (B19, B20) in Ref. [7] ,
where Based on Ref. [23] , the necessary and sufficient condition for the existence of a Hamiltonian conjugate to η a on slice Σ is
where ω is the presymplectic current 3-form. In general relativity, the presymplectic current 3-form is
In our case it is straightforward to find that
In the last equality, we use ( can be thought as a physical observer.
Next we will compute the energy as measured at infinity of a particle near the horizon.
The Taylor series of the coefficients to the first-order approximation of r are
where ξ (1) 3 is the first-order derivative of r. Putting expressions (56) into the null tetrad (1), we get
Introduce new coordinates in the neighborhood of IH as [16] t := 1
and f (r) = 2B t (ε + ε)r. It is easy to find that
We use Eqs. (59) to express the null tetrad (57) in the new coordinates as
From the expressions above we get easily
,
We will use these results later.
The Hamilton-Jacobi equation in curved spacetime is
where m is the rest mass, and S is the Hamilton principal function. Because
is a
Killing vector, we can separate S as
The components of generalized momentum P µ = ∂S ∂x µ are
whereV (t) is the energy of the particle. We consider a particle at rest outside a non-rotating Isolated Horizon, so for this particle, R and x A are constant, which means
Then Eq. (64) becomes
and it is easy to find thatV
This is the energy as measured at infinity of a particle at rest outside the horizon. When a particle is located at R = δ which is the radial coordinate distance away from the horizon, we have
Putting this expression into Eq. (69), we obtaiṅ
Now let us change the coordinate distance δ to the proper distance l. The general express
We consider the radial distance, so
that is,
So the proper distance l corresponding to coordinate distance δ is
Putting the result above into Eq. (71), we havė
The surface gravity of IH is κ = B t (ε + ε), so the energy can be rewritten aṡ
This is the energy as measured at infinity of a particle at rest outside the horizon with the radial proper distance l away from the horizon.
The red-shift factor is defined by
and we have
so the energy as measured at infinity of the particle can be expressed aṡ
This is the important result we will use in the following discussion.
Hawking radiation of Isolated Horizon was confirmed recently [15, 16] , however, can it really be regarded as a thermodynamical system? We will analyze its thermodynamical property in another way. Following Ref. [24] , we design a reversible Carnot cycle with a non-rotating Isolated Horizon being the cold reservoir. The thermodynamic nature of Isolated Horizon is confirmed further in the framework of Carnot cycle.
We divide the total process into the following four steps (see Fig. 1 ):
Step (a) A hot reservoir near an Isolated Horizon is filled with thermal radiation of temperature T 1 . Like Ref. [24] we require the chemical potential of the thermal radiation vanish. The Isolated Horizon is used as the cold reservoir, so we need T 1 > T H (T H is the temperature of IH). The initial state of the working substance is an empty box and the mass of the empty box is negligible. For designing a reversible process, we replace one side of the box with a piston in our model. When we pull the piston slowly down to the other side of the box such that the box finally is full of thermal radiation of temperature T 1 , there is some work done by the thermal radiation (see Fig. 1 ). After the process above, we have a box of substance with energy E 1 . Since the process step (a) is quasi-static and isothermal, we can use the first law of thermodynamics in the following form,
where Q ′ 1 is the heat flowing into the box, S 1 is the entropy of the matter in the box, and W ′ 1 is the work done by the thermal radiation. Please note that all the quantities are locally measured, so the corresponding quantities measured at infinity are
where χ 1 is the red-shift factor at the hot reservoir.
FIG. 1: a reversible Carnot Cycle outside a non-rotating Isolated Horizon
Step (b) adiabatic process. This process actually consists of two sub-steps.
Sub-step (b1)The box is lowered slowly down to some point near the black hole with the red-shift factor χ 2 . In this step, the substance inside does not change, so all locally measured quantities, such as energy, entropy, temperature, etc, remain unchanged. However, the energy measured by the agent holding the string at infinity becomes χ 2 E 1 , which means the work done in the lowering process is
Please note that this is not the thermodynamic work done by the substance in the box since the volume of the substance is unchanged, and the work is done by gravity in a pure mechanical process. An analog of the adiabatic process in an ordinary Carnot cycle is given in sub-step (b2) below.
Sub-step (b2) This sub-step plays an essential role in our model. In a typical Carnot cycle, the working substance should experience an adiabatic expansion to cool down to temperature T 2 , the temperature of the cold reservoir. However, the adiabatic lowering process-sub-step (b1) does not change the temperature of the substance, so it is necessary to add another adiabatic process to cool down the substance from T 1 to T 2 . But the temperature at any point outside the black hole is not well-defined since the box is not in direct contact with the Isolated Horizon. We can use a plausible criterion, i.e. the conservation of the total entropy, to specify T 2 as follows. Suppose that the box cools down to T 2 via an adiabatic expansion. The entropy of box remains
(see Eq. (82)). Then the box gives up all its energy to the black hole which is shown in step (c) below. The energy that the black hole finally absorbs is Q 2 = χ 2 T 2 S 1 (see Eq. (88)). Hence the change in the total entropy is
Because for a reversible adiabatic process, the total entropy should not change, that is, ∆S = 0, we find immediately from Eq. (84),
Different from sub-step (b1), sub-step (b2) changes the parameter set of the box from (E 1 , T 1 ) to (E 2 , T 2 ). The entropy S 1 keeps unchanged and the adiabatic expansion takes place in the same location, so the work measured from infinity is given by
Step (c) Release the substances from the box into the black hole. We use the piston in the opposite way to push out the thermal radiation in a quasi-static and isothermal manner.
We have
where prime is used to label locally measured quantity. The corresponding quantities measured at infinity are
Note that Q ′ 2 is the energy released from the box seen by a local observer while the energy absorbed by the black hole is Q 2 , instead of Q ′ 2 .
Step (d) Lift the empty box back and return to its initial state. Nothing happens in this process because the mass of the empty box is negligible. Now let us compute the thermal efficiency for the complete reversible Carnot cycle. It is easy to check that the total work W ≡ W 1 + W 2 + W 3 + W 4 satisfies the familiar relation in a typical Carnot cycle,
Hence the efficiency is
This is the desired efficiency for a reversible Carnot engine operating between two heat sources with temperatures T 1 and T H respectively. Therefore the thermodynamic nature of Isolated Horizon is confirmed in the framework of Carnot cycle and the efficiency of this cycle confirms that Isolated Horizon behaves as a thermodynamic object with Hawking temperature T H .
V. CONCLUSIONS AND DISCUSSIONS
In this paper, we investigate the electrical and thermodynamical properties of Isolated is a physical observer. We calculate the energy as measured at infinity of a particle at rest outside the horizon and construct a reversible Carnot Cycle with an Isolated Horizon as a cold reservoir, which gives a further confirmation of the thermodynamic nature of Isolated Horizon.
